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As the data on cosmic microwave background anisotropies improve and potential cosmological applica-
tions are realized, it will be increasingly important for theoretical calculations to be as accurate as possible.
All modern calculations for inationary-inspired uctuations involve the numerical solution of coupled Boltz-
mann equations. There are many assumptions and choices to be made when carrying out such calculations.
Here we go through each assumption in turn, pointing out the best selections to make in each case, and the
level of inaccuracy expected through incorrect choice. For example, neglecting the eects of neutrinos or
polarization has a 10% eect. Varying input parameters such as radiation temperature and helium fraction
can have smaller, but noticeable eects. We also discuss a few issues which are more numerical, such as
k-range and smoothing. Some short-cut methods for obtaining the anisotropy spectrum are also investigated,
for example free-streaming and tilt approximations; generally none of these are adequate at the few % level.
At the level of 1% it is important to consider somewhat baroque eects, such as helium recombination and
even minimal amounts of reionization. At smaller angular scales there are secondary and higher-order eects
which will ultimately have to be considered. Extracting information from the subsidiary acoustic peaks and
the damping region of the anisotropy spectrum will be an extremely challenging problem. However, given
the real prospect of measuring just such information on the sky, it will be important to meet this challenge.
In principle it will be possible to extract rather detailed information about reionization history, neutrino
contribution, helium abundance, non-power-law initial conditions etc.
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1. INTRODUCTION
It now seems clear that anisotropies in the Cosmic Microwave Background (CMB) have been detected over
a wide range of angular scales (see [1], for a recent review). We are in a time of rapid experimental progress,
and there is realistic hope of being able to measure fundamental cosmological parameters from the shape of
the power spectrum of anisotropies. It has been shown that there are combinations of parameters which are
`degenerate', i.e. quite dierent cosmological models can give very similar anisotropies [2]. However, these
degeneracies are not exact [3,4,5,6], and to understand the precise sensitivity to specic parameters, it is
necessary to carry out calculations which are as accurate as possible. In fact, satellite experiments which are
now being considered may be able to map most of the sky down to a fraction of a degree, thereby measuring
a range of cosmological quantities at once. However the size of the variations which need to be measured
to extract full cosmological information is signicantly smaller than the accuracy with which theoretical
predictions have been routinely given in the past (cf. tables in [7] for a comparison of results).
In order to keep pace with the expected progress in experiments, we need to examine the robustness of
the theoretical calculations. In this paper, we have set about studying the various assumptions which go
into these calculations. For most of the issues, there is a very denite correct choice in order to obtain the
most accurate results, although in some circumstances it may be better to compromise accuracy in favour
of computational speed. Although many of these eects are already included in modern state-of-the-art
Boltzmann codes, in general none of them have been fully discussed in the literature. Moreover, there are
other issues where the assumptions are perhaps more subtle or implicit, and only become apparent in a
systematic investigation.
The outline of the paper is as follows. As discussed in xII, the power spectrum of CMB anisotropies is
usually denoted by the quantities C
`
(squares of the amplitudes in a spherical harmonic decomposition ` [8])
for each multipole and calculated by solving the radiative transport or Boltzmann equations. As a rule of
thumb, we will suppose that we are interested in calculating these C
`
's to an accuracy of at least 1% out
to arcminute scales, since this is roughly what will be required by experiments currently being proposed.
We begin by considering the eect on anisotropies of background quantities in xIII, i.e. the matter content,
expansion rate, and recombination history of the universe. In xIV, we expand the scope to include sources
in linear perturbation theory which are subdominant and often omitted in calculations. Of course, it should
be stressed that on sub-degree angular scales there are sources of anisotropy which are likely to be

>
1% of
the primary anisotropies which are our focus in this paper. We also survey such `secondary' or `non-linear'
eects in xIV. However understanding the issues involved in obtaining primary C
`
's accurate to 1% is still
a worthwhile exercise and a necessary rst step in calculating small scale anisotropies. Finally in xV, we
discuss the accuracy of numerical approximations commonly employed to make the calculation tractable.
Our general approach in this paper is to understand what physical eects and input assumptions give
measurable changes in the predictions of the C
`
's for a ducial model, taken to be a cold dark matter (CDM)
model with adiabatic initial conditions in an 

0
= 1 universe. Of course many of our results will extend to
other models. Having established this goal, it is a simple matter to reverse the argument to determine the
physical processes and parameters that we could measure by obtaining accurate C
`
's from the sky.
II. THE BOLTZMANN EQUATIONS
The standard way to calculate the present-day spectrum of anisotropies is to write down the Fourier
transform of the linearized Boltzmann equation for each cosmological uid (dark matter, baryons, photons,
and neutrinos), with all of the relevant physical couplings between the uids retained. These equations have
been presented many times in the literature, and since they require the precise denition of many dierent
quantities, we avoid their repetition here. Instead we refer the interested reader to the seminal papers of
[9,10,11,12,13,8]. More recent treatments can be found in [14,15] (following the approach of [16]) and [17].
These equations can be solved semi-analytically for either standard recombination, using the tight-
coupling approximation for the photons and baryons (e.g. [18,19,20,21,22,23,24, 25,26,3]) or for reionization,
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using the weak coupling approximation (e.g. [27,28,29,14,30, 15]). Methods for both cases are further de-
veloped and rened in [4,5]. The accuracy of the calculations is limited by the ability to t or calculate
the time-dependence of the gravitational potential. Although such techniques are extremely useful for un-
derstanding the underlying physical mechanisms, and are likely to remain useful for some time to come,
ultimately the full numerical solution of the coupled Boltzmann equations will be required in order to obtain
the most accurate C
`
's.
Detailed numerical calculations of the Boltzmann equations have been carried out for many dierent
models, e.g. the pioneering work of [9,10,13,8,31,32], and the more recent treatments by [33,34,35,7,36,37,6]
amongst others. The basic method is due to the work of [13,8] (see also [38, 39]). By integrating over
frequencies, the full Boltzmann equation for the photons reduces to an evolution equation for the brightness
or temperature uctuation. This approach is valid in linear perturbation theory since spectral distortions
are only introduced at second order, provided there is no exotic source of energy injection into the CMB.
The angular dependence of each k-mode of the radiation can be expanded in a series of Legendre polyno-
mials [10], which reduces the equations to an innite hierarchy of coupled ordinary dierential equations.
[This development was a vast, and physically-sensible, improvement over earlier treatments which performed
calculations using discrete -modes.] At very high redshift it is sucient to use the tight{coupling approxi-
mation for photons and baryons. In this approximation (described more in xV.B), the Compton scattering
rate is suciently rapid that anisotropies in the photon distribution cannot be generated and the modes
with `  2 are exponentially damped. Only the density (` = 0) and velocity (` = 1) perturbations are kept
in the photon and baryon components. This is often referred to as the perfect uid approximation, since the
two components can be described by density and pressure perturbations alone. Viscosity in the uid can
be treated perturbatively in this limit and leads to a damping of small scale anisotropies. As the Universe
begins to recombine, the moments `  2 are no longer exponentially damped and the full hierarchy must be
evolved.
The outcome of the numerical evolution is a catalogue of solutions of the Boltzmann equations for the
angular moments of each k-mode [38]. These can then be combined using an initial weighting of the k-modes
(i.e. an initial power spectrum) to obtain the C
`
's. Providing that enough modes are used and all relevant
sources are included, the calculation can then be carried out to an accuracy of 10
 5
, due to the perturbation
expansion and the measured level of CMB uctuations. We shall be concerned in this paper not so much
with the application of this method of solution as with the physical inputs and approximations which are
made to render this program tractable. However in xV, we will comment on some subtle issues of this method
of solution which can cause inaccuracies to creep in.
In order to show the quantitative size of the eects we discuss, we choose a specic cosmological model
around which to vary our dierent assumptions and other physical inputs. For deniteness, we will take


0
= 1, 

B
= 0:05, h = 0:5, n = 1, T=S = 0, i.e. the standard Cold Dark Matter model (sCDM) with
adiabatic Gaussian initial conditions and no tensor component. We will discuss more specic assumptions
and rene our model as we progress. The anisotropy spectrum for this model is shown in Fig. 1. This is
plotted in the usual form of `(` + 1)C
`
vs. `, which gives the power per logarithmic interval in `.
III. THE BACKGROUND COSMOLOGY
A. Photon Temperature and Neutrinos
One of the most basic input parameters is the temperature of the microwave background today. By
altering the radiation content of the universe this aects the epochs of last scattering, matter-radiation
equality and baryon-photon equality, and hence the anisotropies in the CMB. A simple question then arises:
what is the eect of using a slightly dierent value? In Fig. 2 we show the ratio of the angular power
spectrum, `(` + 1)C
`
vs `, for three temperatures T
0
= 3K, 2:7K, and 2:73K, to that for the current
best value of 2:726K [40]. This shows that the 0:005K uncertainty in the FIRAS measurement of the
temperature leads to a < 1% change in the C
`
's.
Other massless species such as neutrinos aect the redshift of matter radiation equality and hence the
growth rate of perturbations. Specically, any increase in the relativistic content prevents the growth of
perturbations inside the horizon. This leads to decay in the gravitational potential, which aects the photons
through gravitational redshift [41]. In Fig. 3(a,b), we show the eect of varying the number of neutrinos
from 2 to 4 which changes C
`
on the order of 10% near the rst peak. The decay of the potential drives
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the acoustic oscillations, resulting in larger anisotropies. Notice that the deviation with radiative content
has a distinct and symmetrical signature near the rst peak that is potentially measurable and competitive
with nucleosynthesis bounds. At smaller scales, changes in the angular location of the peaks through the
horizon and sound horizon at last scattering, as well as additional eects in the damping regime, lead to
a more complicated, oscillatory structure in the ratio. Nonetheless, the CMB is an ecient probe of the
epoch of matter radiation equality [42], and accurate measurement of the C
`
's can be used to constrain the
relativistic matter content of the universe [43].
Since the case of massive neutrinos can eectively be described as a universe whose relativistic content
decreases as the neutrinos become non-relativistic, these arguments show that the CMB can in principle
yield information on the mass of the neutrino (see [7,44,45] for a full treatment). The qualitatively new
feature is that the angle that the horizon subtends when the neutrino becomes non-relativistic (` ' 500 for
m

of a few eV) will be imprinted into the CMB as the transition between a CDM spectrum and the higher
relativistic content case.
B. Baryons and the Hubble Constant
Once the present photon temperature is xed, the baryon content of the universe governs the evolution
of temperature perturbations through the sound speed in the photon-baryon uid [9]. Raising the baryon
content, i.e. 

B
h
2
, changes the balance of pressure and gravity, leading to more uctuation growth. The
Hubble constant has two other eects. It changes the distance scale of the universe, which has little eect
on anisotropies, and it changes the matter-radiation ratio. As discussed above in the context of neutrinos,
the matter-radiation ratio aects the growth of perturbations and controls the gravitational redshift contri-
butions. The two eects in h are competitive if 

B
' 0:05. Fixing h = 0:5, the change in C
`
's from standard
CDM to 

B
h
2
= 0:015 is 6% at ` ' 200, whereas xing 

B
h
2
= 0:0125, the change to h = 0:55 is 10%
(see Fig. 4,5). Bond et al. [2] point out that the two parameters are dicult to separate. With a satellite
however, it may be feasible to obtain cosmic variance limited C
`
's up to the rst peak, in which case the
parameters are distinguishable. In any case, beyond the rst peak the degeneracy is completely broken since
pressure and gravity aect odd and even peaks dierently [3,4].
At extremely small scales (k

>
100hMpc
 1
), i.e. below the sound horizon of the thermal baryon uid,
baryonic pressure must be included [17]. This does not however aect anisotropies for any conceivable
experiment or model since they arise from much larger scales at last scattering. However, it is possible that
it could become important in reionized scenarios with extensive heating, since this pressure prevents Jeans
instability for the baryons.
We must also set a value for the fraction of baryons contained in helium (He). Since helium recombines
earlier than hydrogen, this has a substantial eect on temperature anisotropies by changing the free electron
density at last scattering (i.e. there is less than one free electron per baryon, n
e
/ (1   Y
p
)

B
h
2
). Our
ducial model has a primordial helium mass fraction Y
P
= 0:23. We show in Fig. 6 the dierences obtained
by adopting the values Y
P
= 0:20 and Y
P
= 0:26. As can be seen, it is necessary to include Helium as a
neutral component of the universe in order to obtain accurate C
`
's. We shall now discuss to what extent the
recombination history of both hydrogen and helium aect anisotropies.
C. Recombination
1. Physical Considerations
The process of recombination would proceed via the Saha equation (see e.g. [46]), except that recom-
binations to the ground state are inhibited by the recombination process itself [47]. Thus recombination is
controlled by the population of the rst excited state, and the physical processes which either populate or
depopulate it in the expanding Universe. This problem was rst worked out in detail by [48] and at about
the same time by [49], and by many authors since [50,51].
Solving the coupled ionization and matter temperature equations gives the evolution of the ionized fraction
x
e
(z)  n
e
=n
H
and the visibility function g(z)  e
 
d=dz, for Thomson scattering optical depth  . The
quantity g(z)dz is the fraction of the radiation that was last scattered in a redshift interval dz. There are in
general two eects that the ionization history has on the C
`
's. The visibility function determines the epoch
at which uctuations from the tight coupling regime are frozen in. The ionization fraction x
e
(z) determines
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the breakdown of tight coupling, i.e the photon diusion length, which is responsible for the damping of
anisotropies. Thus the detailed description of the ionization in the tails of the visibility function is important:
two ionization histories with the same maximum and width for their visibility functions will not in general
lead to the same C
`
's.
This is most clearly seen in the consideration of helium recombination. One might naively expect it to
have a negligible eect on the C
`
's because Helium recombines while the radiation and matter are still very
tightly coupled, at z ' 2500 for Heii and z ' 6000 for Heiii. However the diusion damping length grows
continuously and is sensitive to the full thermal history. We nd that inclusion of helium recombination
aects the 2nd, 3rd and 4th peaks at the 0.2%, 0.4% and 1% levels, as shown in Fig. 7. This is in good
agreement with analytic estimates which interpret the eect as a decrease in photon diusion during the
epoch that helium was ionized. Hence it is important to follow the recombination of the helium in order
to obtain accurate C
`
's at the percent level. [On the other hand, the eects of D,
3
He, Li etc. are entirely
negligible until the 10
 5
level.] Fig. 7 demonstrates that even seemingly minor eects on the ionization
history can yield changes in the C
`
's at the percent level. Note that because of atomic collisions, even
after helium recombination, helium atoms are tightly coupled to the hydrogen through collisions. Since they
contribute to the inertia of the photon-baryon uid, helium atoms should therefore be kept in the baryon
evolution equations.
However, we found that following Heiii ! Heii was not entirely necessary, and furthermore that simple
use of the Saha equation for Helium is as good as following the helium atoms more fully. Treating Helium in
isolation one nds that the Heii to Hei recombination is slower than the Saha equation predicts [52,53,54],
(though note that in principle more levels are important than those followed in this reference, and the energy
gap between n = 2 and the continuum is only' 3eV for Heii, so the recombination would happen at z ' 1000
in contrast to the results of [52,53,54]). However, there is a trace of neutral Hydrogen present even at redshifts
z ' 2500, which can absorb the Helium Ly photons and prevent every Helium recombination photon from
ionizing another Helium [55]. We nd that by z = 2500 the mean free time for a neutral Hydrogen atom to
capture a Helium Ly photon is many orders of magnitude smaller than the Hubble time. The extra energy
imparted to the electron is rapidly shared with the plasma, which is strongly enough coupled to the photons
at this redshift that the matter temperature is unaected. Thus direct recombination to the ground state
is possible for Helium (in contrast with the case for Hydrogen) and the ionized fraction follows the Saha
value to a good approximation. We show the recombination of the stages of helium and hydrogen together
in Fig. 8 (specically plotted for the standard CDM cosmological parameters).
It is worth noting that the framework in which the recombination calculation is done does not allow
for the inclusion of spatial information, i.e. the eect of the inhomogeneities on the recombination process.
However, this is a second-order eect. In fact, it is just like the Vishniac eect (xIV.D.2), except at high
redshift when the baryons and photons are still tightly coupled. Thus we expect it to be extremely small.
2. Renements of Hydrogen Recombination
Since the recombination process is so crucial to both the calculation and interpretation of CMB anisot-
ropies, and because much of the work on recombination considers new eects in isolation, we shall consider
a range of approximations and renements to the hydrogen recombination process. The rst level of ap-
proximation is to use the Saha equation in an expanding universe, which is shown by the dashed curve in
Fig. 9. This approximation has long been realized to be inadequate and most recent work has followed,
for example, the equations of [50]. However, it has also been realised that following recombination to even
higher accuracy can be important [56] while imposing little computational burden compared with evolving
the temperature anisotropies.
Further renements to recombination will have much smaller, but still potentially important eects. One
variation involves following the kinetic temperature (T
mat
) of the electrons independently [57,48]. It turns
out that this has an eect only on the very late-time tail of the visibility function, since the matter and
radiation remain coupled until z  200 (see Fig. 10). The eect on the C
`
's is on the order 0:1% and is
thus negligible. On the other hand, an exotic scenario involving energy injection can change the matter
temperature signicantly and can in principle be constrained through the damping tail of anisotropies.
Within these assumptions, the full dierential equation for the ionization fraction contains many terms
in principle, although most can be ignored. For example the extra terms (due to stimulated recombination
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etc.) included in [50] (or equivalently [58]) have negligible eect, as can be seen in their comparison with the
results of [48]. Although collisions are important for keeping the various matter species in kinetic equilibrium,
the collisional rates for excitation and ionization are negligible at the relevant densities and temperatures
[52,53]. Radiative transfer eects in the Ly line are also negligible [59,60,51]. Furthermore it was shown
recently [61] that the standard assumption of a quasi-static solution for the Ly prole is good to at least 1
part in 10
5
. It has been suggested [62] that the 2p and 2s states in Hydrogen might not be expected to be
in statistical equilibrium. This would increase x
e
by a small amount at low z, although with little eect on
the visibility function and the C
`
's. However, it is clear that the 2p and 2s states would be strongly coupled
by the electric elds of nearby atoms or ions at the rapid collision rate during recombination [52,53]. Hence
this non-equilibrium eect does not actually occur.
There is also a potential extra stimulated emission eect, pointed out by [63], caused by the non-
equilibrium between the excited states and the continuum. (These authors perform a classical calculation of
the recombination coecients, and do not include the Gaunt factors. Among other things these factors take
into account the asymptotic state of the electron, which at low energies is aected by the nuclear charge
even at large distances). This would appear to have a measurable eect on the C
`
's through aecting the
low z tail of the visibility function. However, it would seem that such out of equilibrium considerations can
only be studied in detail by following the populations of the levels in a hydrogen atom in detail (Sasselov
& Scott, in preparation). We expect such eects to be potentially important at the 1 or 2 % level in the
C
`
's, but are unlikely to be larger. We are led to the conclusion that at the present the major real source of
ambiguity comes from the assumed values for the recombination rates, so we now discuss this in more detail.
The single most important eect in obtaining accurate power spectra is using the most accurate recombi-
nation coecient . The specic coecient which is needed is the sum of all direct recombinations excluding
those to the ground state, often denoted 
B
(`case B' recombination is when the Lyman lines are optically
thick). Although the rate to an individual level has  / T
 1=2
mat
, this is not at all true for the sum over many
transitions (although [48,50] and other authors have used this approximation). A better approximation is
that 
B
/ T
 3=4
mat
(e.g. [64]), but this is only good for T
mat
 10
4
K, which is a much higher temperature
than we are interested in.
There are better rates available in the literature, which are accurate over a wide range of temperatures
and even have tted functional forms, e.g. [65]. Recently there has been more work on obtaining the most
accurate recombination rates. Currently the best are the values tabulated by [66], giving 
B
accurate to the
4th signicant gure for temperatures all the way down to 10K in steps of 0.2 in logT
mat
. There is also a
tting function given by [67], which is accurate to < 0:2%:

B
= 10
 13
a t
b
1 + c t
d
cm
3
s
 1
;
where a = 4:309, b =  0:6166, c = 0:6703, d = 0:5300 and t = T
mat
=10
4
K. Although these rates are
calculated in the limit of zero density, it is apparent from the table in [66] that for cosmological recombination
the eect of the electron density is never more than about 2%, and signicantly less at the lower redshifts
which are most relevant. We show in Fig. 7 the eect that including the correct recombination rate as
opposed to a T
1=2
scaling has on the C
`
's. Notice that it can be several percent over a wide range of scales.
We nd that the approximation to 
B
of [17] or those of [68] or [65] give essentially the same C
`
's as these
more accurate rates.
It is also worth updating other quantities relevant for calculating the recombination. For example, the two-
photon rate from the 2s to 1s states has been re-calculated recently (e.g. [69]), and is 
2s!1s
= 8:22458s
 1
,
including the reduced mass correction. This improvement however has an entirely negligible eect on the
C
`
's.
None of the standard references for recombination take into account the earlier period of radiation domi-
nation. This is important especially for low 

0
h
2
models, since the equality epoch does not occur very much
earlier than the recombination epoch. We found that assuming the complete matter-dominated background
evolution resulted in x
e
being systematically a few percent lower (depending on the exact parameters),
decreasing the damping. This is because assuming z
eq
!1 lowers the Hubble rate, meaning more recombi-
nation for a given redshift. For an 

0
= 1 model the exact relation H(z) = H
0
a
 2
(a+ a
eq
)
1=2
can be easily
used.
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D. Physical Constant & Other Uncertainties
It is obviously also important to use the most accurate available physical constants and parameters. One
fundamental limitation to accuracy is set by the uncertainty in the gravitational constant G, which will aect
the overall timescale. However, even this quantity is known to an accuracy of ' 10
 4
(Particle Data Group
1994), and all other relevant numbers are known much more precisely.
Compton scattering of protons is reduced by (m
e
=m
p
)
2
compared with the electrons, and is thus negligible.
Relativistic corrections for Compton scattering o electrons will be O(10
 5
), even at redshifts  10
4
. There
are however ambiguities O(m
e
=m
p
) in going from 

B
to n
e
, although again this is a small eect.
Other particle physics eects could potentially inuence the calculations. For example there could be
non-negligible interactions or velocities in the dark matter, chemical potential, decays or other extra physics
in the neutrino sector, strong primordial magnetic elds, etc. However, it seems contrived for such eects to
play a role at the percent level, without totally altering the picture of structure formation.
IV. SUBDOMINANT ANISOTROPY SOURCES
A. Neutrino Fluctuations
Anisotropies may oer the rst, albeit crude and indirect, probe of uctuations in the neutrino background
through their gravitational feedback on the CMB (see also xIII.A). Evolving the temperature perturbations in
the neutrinos involves another `innite' hierarchy of `-modes that must be solved. As a rst approximation,
one might consider the neutrinos to be a perfect uid and truncate the hierarchy for `  2, i.e. consider only
the density and velocity (pressure) perturbations. This approximation neglects the free-streaming damping
and anisotropic stress contributions of the neutrinos. Both feed back into the evolution of the perturbations
in the metric, and thus the temperature anisotropies in the photons [41]. In Fig. 11, we show that this induces
an error of about 10%. Since physically this dependence is coming entirely from the neutrino monopole,
dipole and quadrupole, it is evident that there is no need to keep the hierarchy for ` > 2. However, free
streaming monotonically transfers power to high ` (a certain scale subtends an angle on the sky which
decreases with the distance between source and observer) so naive truncation of the hierarchy produces an
articial reection of power to low `'s from the last ` kept. This can be avoided by an appropriate choice of
boundary conditions for the maximum `-mode of the neutrinos, using the analytic free streaming solution
for the neutrinos, i.e. the recurrence relations among the spherical Bessel functions j
`
may be used to modify
the coupling of the last ` mode kept, once it enters its oscillatory phase. This allows truncation of the `
hierarchy at very low `. While the phases of the last ` modes kept are not accurately preserved, there is no
reection of power to lower ` modes, thus the eect of neutrino anisotropy on the C
`
is correctly accounted
for. Furthermore, this boundary condition is also applicable to the photon-Boltzmann equation during the
oscillatory phase. Using this boundary condition, we do not have to solve for the very high ` modes which
we are not interested in.
However, for completeness we also show in Fig. 12 the present day anisotropy spectrum of the massless
neutrinos. Although this spectrum is a clear prediction of standard hot Big Bang model, we do not expected
it to be tested in the near future! Despite the fact that there are more than 300 background neutrinos
per cm
3
, they are extremely low energy and therefore essentially impossible to detect. And measuring
uctuations in the background at the level of 10
 5
will be somewhat harder! The specic calculation shown
in the gure is for the parameters of standard CDM, with three species of light neutrinos. The amplitude
of the uctuations, although plotted dimensionlessly, is exactly the same as for the photons. [This is true
for T

=T

, while T

, measured in e.g. K, would be (4=11)
1=3
lower in each species]. At small ` the
anisotropies come from the familiar Sachs-Wolfe eect from potential uctuations. For the largest `'s, there
is an extra contribution from the integrated Sachs-Wolfe eect, since potentials decay after they come inside
the horizon during radiation domination. This eect is the same for all suciently small scales, with an
amplitude which is ' 15 times greater than at large scales. [This is the same size as the extra kick that
the photons get, as in xIII.A, except that they have scattering and oscillations as well.] The characteristic
scale of the step is `  500, which corresponds to the angle subtended by the horizon size at the epoch
of matter-radiation equality. The small wiggles are a real eect that can be attributed to the oscillating
density of the photon-baryon uid, which is most important before equality. Note that the roughly at
`(` + 1)C
`
does not continue to innite ` (thus maintaining nite total power), since there will be a cut-o
corresponding to the diusion-scale at neutrino decoupling, at `  10
8
.
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B. Polarization
Polarization is generated at the last scattering surface by Compton scattering of anisotropic radiation
because the Thomson cross section depends on angle as j
f

i
j
2
, where 
f
and 
i
are the nal and initial polar-
ization vectors respectively. Furthermore, polarization feeds back into anisotropies. Averaging over incident
and summing over nal polarizations leads to an angular dependence: 1 + cos
2
. Since the scattering of
linearly polarized radiation will in general have a dierent angular dependence than this, the scattering term
in the Boltzmann equation for temperature perturbations will be modied by polarization. (A pedagogical
treatment has recently been given by [70]). More specically, the quadrupole moment of the temperature
distribution leads to linear polarization in the microwave background (e.g. [71,72]) and vice versa [13]. The
precise level of the temperature anisotropies therefore is not recovered by neglecting polarization (as has
recently been emphasized by Bond and Steinhardt). In fact, polarization leads to an increased damping of
anisotropies [72].
The easiest way to see how polarization aects temperature perturbations is to (articially) extend the
tight coupling approximation through last scattering. Recall that in the tight coupling approximation only
density and velocity uctuations are present (higher terms are damped) and the matter and radiation behave
as a uid described by density and pressure. Specically any temperature quadrupole is strongly damped.
Since polarization is a source of quadrupole anisotropies, this represents a breakdown of tight coupling
due to the generation of viscosity [72]. The corresponding eective increase in the photon `diusion scale'
leads to an increase in the damping angle by 4-5% and an increasingly large error in C
`
with `, due to
the near exponential behavior of the damping, as shown in Fig. 13. In low 

B
models, as is required by
nucleosynthesis, the diusion scale is already large at last scattering and the additional eect of polarization
leads to smaller anisotropies even near the rst peak.
The power spectrum of polarization anisotropies was shown in the second panel of Fig. 1, for the sCDM
model. Note that in reionized scenarios the polarization can extend to much larger scales due to the increase
in the horizon scale at last scattering. It is also worth pointing out that circular polarization is not generated
through scattering, unless there are large coherent magnetic elds or other exotic phenomena. Finally, as a
computational note, if only the temperature feedback eect is of interest, the polarization evolution equations
may be dropped after last scattering with no loss of accuracy.
C. Gravity Waves
In addition to the scalar modes with which the previous discussion has been involved, there is the
possibility that ination excites tensor (i.e. gravity wave) perturbations as well [73]. Most of the points
mentioned above apply also to the calculation of tensor perturbations. [Note that vector perturbations only
have decaying modes, and so are unimportant if the uctuations were generated in the early universe]. Early
work on tensors and the CMB was performed by [74,75,76]. There exist several semi-analytic approximations
of varying accuracy, the most recent and accurate being due to [77]. To calculate the tensor spectrum
numerically one uses the formalism of [78] as rst worked out in detail by [36]. This leads to another set of
Boltzmann equations, independent of those for the scalars, which follow the temperature and polarization
anisotropies of the tensors. The nal result is then C
tot
`
= C
(S)
`
+ C
(T )
`
where the relative normalization of
the tensor and scalar components depends on the details of the perturbation generation scenario.
The tensor modes evolve completely independently from the scalar modes in linear theory, i.e. the resulting
temperature patterns are uncorrelated. Polarization and temperature uctuations due to gravity waves on
the other hand are correlated in an analogous but distinct manner compared with the scalar case [79,80].
Note also that since the gravity wave C
`
's drop o at the horizon-size at last-scattering, it is not critical to
accurately follow recombination, polarization, high k-modes, etc. for the calculation of the total temperature
anisotropy. For example including polarization changes the C
`
by only 4% at ` ' 100, where they are already
a small fraction of C
tot
`
. In Fig. 14, we plot the tensor contribution C
(T )
`
, for a model with the parameters
of standard CDM.
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D. Secondary Anisotropies
1. Reionization
Reionization in a CDM scenario is unlikely to occur at redshift z

>
50 [81,82]. Since in a fully ionized
x
e
= 1 universe (assuming the sCDM parameters), the optical depth  does not reach unity until z ' 100,
reionization is probably not a dominant eect. However, it can still make a contribution to the C
`
's. In
general, reionization has two eects on the CMB (see e.g. [83,27,84]). Under the horizon scale at last
scattering, it damps power in the primary anisotropies as e
 2
(see Figs. 13, 14). It is important to realize
that even for minimal reionization there may be a measurable eect. We know from null results on the Gunn-
Peterson test [85], that the Universe was largely ionized out to at least z = 4{5 [86,87]. For sCDM this
corresponds to  ' 0:01, and hence will aect the C
`
's at the 2% level (see Fig. 15). Of course this variation
would be lost in the cosmic variance at small `. However, it could still result in erroneous conclusions about
other parameters. It should be remembered that this is absolutely the smallest possible reionization eect,
and thus the CMB can be used to probe the epoch of reionization even if it occurred at low redshift.
Diculties arise if reionization is patchy, we hope that if  is large, many regions are averaged over. Inho-
mogeneous reionization can also induce secondary anisotropies on the CMB through preferential scattering.
As well as creating patchy reionization damping of the primary signal, secondary anisotropies can also be
generated. Small uctuations in ionization can be expected to behave like the Vishniac eect described be-
low (see [14]). Large uctuations are essentially identical to the peculiar velocity cluster Sunyaev-Zel'dovich
eect.
In addition to damping under the horizon scale at last scattering, secondary anisotropies are generated
on the new last scattering surface by Doppler shifts from scattering. Since both damping processes and
uctuation growth depend on the epoch of last scattering, it is not sucient to parameterize the ionization
history by the total optical depth. In fact, reionization allows not only free parameters but a free function
x
e
(z). However, for the anisotropy spectrum, most of the eect can be described by two parameters, the
optical depth and the epoch of last scattering. As long as the universe is dominated by cold dark matter,
so that uctuation growth does not depend on the thermal history when Compton drag was important, any
model which predicts the same late time visibility function will yield the same anisotropy (unlike anisotropies
originating at recombination). In Fig. 16, we display two models with the same  but with dierent visibility
functions to illustrate this point. Specically the two models have  ' 15%, with x
e
= 1 out to z = 30 and
x
e
= 0:5 out to z = 48.
2. The Vishniac Eect
In linear theory, uctuations on scales smaller than the width of the visibility function (' 5
0
in standard
recombination) are strongly damped. Ref. [88] showed that there are second order eects for which this is
not true, due to the geometry of the cancellation process. One such second order contribution, coming from
a product of velocities and densities, dominates over all others [14,15] and is known as the Vishniac eect
([28], see also [89,29,90]). The contributions are entirely negligible for standard recombination scenarios since
second order terms are necessarily small and baryon velocities are suppressed by Silk damping. However,
if the universe was reionized at some late epoch, infall into CDM wells and the growth of uctuations in
the intervening period allows for a signicant contribution. Indeed, the Vishniac contribution is so highly
peaked toward late times that Gunn-Peterson constraints require some contribution from this eect. For
a fully ionized universe, the Vishniac eect is larger than the primary signal calculated here at ` ' 3;000
[91]. The eect itself peaks at ` ' 7;000 and has `(` + 1)C
`
 0:025 [units of 6C
2
] at the peak for a fully
ionized, COBE normalized model and decreases only gradually as the ionization redshift is lowered. Note
that since the Vishniac eect is second order, its amplitude relative to primary anisotropies depends on the
normalization employed.
3. The Rees-Sciama Eect
Even in an 

0
= 1 universe, the non-linear growth of structure will cause time variations in the gravita-
tional potential which lead to anisotropies via gravitational redshifts [41]. Two eects can be identied: one
is due to the growth of the potential during the photon transit time across the uctuation [92] and the other
is due to a spatially varying potential crossing the line of sight. By ray tracing techniques through N-body
simulations of CDM, the two eects have been shown to be comparable in magnitude and contribute to
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T=T at the level of a few 10
 7
(i.e. 0:01  0:1% in C
`
) at degree scales (`  200) [93]. It is possible that
the eect increases signicantly toward arcminute scales in some models as a result of non-linear evolution
[94]. Recently however calculations based on N-body results have shown that this eect only dominates the
primary uctuation at `

>
5000 for CDM [95].
4. The Cluster Sunyaev-Zel'dovich Eect
As pointed out by Sunyaev and Zel'dovich [96], clusters can also induce anisotropies on the CMB from
Compton scattering o electrons in the hot cluster medium. These hot electrons transfer energy to the
microwave background, leading to temperature anisotropies and spectral distortions in the CMB. Thus the
temperature uctuation will not only have an angular but also a frequency dependence, unlike primary
sources of anisotropies. A large amount of work has been done to try to estimate the uctuations caused by
S-Z uctuations (e.g. [97,98,99,100,101,102,103, 104,105,106]) with varying conclusions.
Recently [107] have employed an empirically based model for clusters. They nd that in the Rayleigh-
Jeans regime, where the Sunyaev-Zel'dovich eect leads to a constant brightness decrement, the anisotropy
at arcminutes is on the order T=T

<
10
 7
. So we expect an eect on the C
`
's of order

<
0:01  0:1% at
`

>
1000. Moreover, the signal is in large part due to bright and easily identiable clusters. If such known
clusters are removed from the sample, the anisotropy drops to an entirely negligible level.
Clusters can also provide anisotropies since their peculiar velocity leads to a Doppler shift of the scattered
photons. This process leads to no spectral distortions to rst order and is of order T=T ' 
c
v
c
=c for an
individual cluster, where the optical depth through the cluster is typically of order 
c
' 0:1  0:01 and its
peculiar velocity is v
p
' 500 1000 km s
 1
. Again there is hope that the signal can be removed by identifying
bright clusters and perhaps even by rst detecting the thermal eect. In any case the background uctuations
due to this eect are likely to be small [108].
5. Gravitational Lensing
Gravitational lensing processes the primary anisotropies by redistributing power in `. The magnitude
and sense of the eect is somewhat dependent on the model for structure formation, including the as-
sumptions for non-linear clustering. This has led to some seemingly inconsistent results in the literature
(e.g. [109,110,111,112,113,114,115,116,117, 118,119,120]). Recently [121] has shown that for CDM, and in-
deed most realistic scenarios of structure formation, the eect is small on arcminute scales and above.
Nonetheless, it is comparable to some of the minor corrections considered here. Lensing smooths out the
primary peaks on the order of 5% at the third peak and becomes increasingly important toward smaller
scales. Note, however, that since lensing conserves power, broad band measurements of anisotropies would
not be able to measure this smoothing, unlike other eects considered here.
6. Other Scattering Eects
The standard Boltzmann equation includes only Thomson scattering as a source term. In principle there
could be other scattering eects. If spectral distortions are present, due perhaps to some energy injection into
the CMB, double Compton scattering and bremsstrahlung sources must be included and act to thermalize
the distribution [122,123]. Rayleigh scattering o neutral hydrogen is unlikely to be important except for


<
0:05 cm [9,124]). Similarly there could be eects caused by molecules. It has been pointed out that LiH
can lead to rescattering damping (analogous to reionization damping) of anisotropies in the Rayleigh-Jeans
region. Thus this eect would have a distinguishable spectral signature [125]. Due to uncertainties in the
primordial Li abundance and moreover the formation and survival of LiH, its signicance is unclear. As the
authors note, the argument is best reversed: the CMB may be a sensitive probe of high redshift molecule
formation.
Scattering and absorption by dust will also be an eect at the angular scale of galaxies and clusters
(perhaps up to a few arc minutes), but will generally have a distinctive eect on the spectrum [126,103].
So the eects of extra-galactic dust are unlikely to be important on the scales relevant for the primary
anisotropies, although they may be the major source at arcsecond scales. Of course there are also potentially
great complications caused by confusing foreground sources in the Galaxy.
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V. PHYSICAL APPROXIMATIONS AND CALCULATIONAL TECHNIQUES
A. Gauge and Initial Conditions
Our calculations have been carried out using two entirely independent Boltzmann codes. One of us
(NS) has developed a code which was written using variables dened in the gauge independent formalism
[127,128,129] in the total matter rest frame representation. Another of us (MW) more recently wrote a code
based on the synchronous gauge [130,131,132]. Obviously, all observable quantities, in particular the C
`
's are
gauge independent and thus only superhorizon scale perturbations allow gauge ambiguity. However, there
has been some confusion in the literature about unphysical gauge modes (see [133,38,39] for discussions),
so it is not entirely obvious that calculations carried out in two dierent gauges will agree perfectly, due to
stimulation of such modes by numerical errors.
Such concern is perhaps enhanced by the fact that apparently dierent equations are evolved in each
gauge (see e.g. [17]) and involve dierent numerical techniques to insure stability. In particular, the initial
conditions for density perturbations take on a simpler form in some gauges than others, i.e. those dened with
constant time hypersurfaces that follow the total matter or CDM. Furthermore, they must be established
by a detailed balance of component uctuations that stimulates the growing mode only, so that any gauge
modes that exist are eliminated. This is especially important for isocurvature conditions where cancellation
between component densities exist in the initial conditions. In practice, this is achieved by employing analytic
solutions for the relevant gauge at early times when the uctuations are outside the horizon.
A rst important test of the robustness of anisotropy calculations is to demonstrate that two independent
calculations can reproduce the same results for exactly the same input parameters. We found that when we
tried to ensure that the only dierence between the two calculations was the choice of gauge and numerical
techniques, we could obtain results consistent to better than 0:5% in power for the rst three peaks, better
than 1% in power (0:5% in temperature) for `

<
2000, rising to a few percent in the damping region. This
level of agreement was found to persist as improvements in our initial assumptions were incorporated. A
test of conformal Newtonian versus synchronous gauge techniques can be found in [17].
B. Tight Coupling
Before the recombination process lowers the free electron density, the Compton scattering rate is su-
ciently rapid that the photons and baryons are tightly coupled. This means that anisotropies in the photon
distribution cannot be generated and the innite hierarchy of `-modes may be replaced by a photon-baryon
uid approximation (the modes with `  2 are exponentially damped). Providing one switches from tight
coupling to explicit evolution early enough (z ' 7;000, or better, well before the photon diusion length
overtakes the wavelength of the perturbation), and keeps higher orders in the expansion in the Compton
scattering time (e.g. [132]), one obtains identical C
`
's with a signicant improvement in speed. By sacricing
some accuracy, the semi-analytic approach of [4] exploits this fact by keeping a second order tight coupling
approximation all the way through last scattering.
Note that even ignoring recombination, as is appropriate for early reionization scenarios, the tight coupling
limit eventually breaks down due to the drop in the free electron density from the expansion. Thus, tight
coupling approximations should not be used to calculate reionized scenarios.
C. Free Streaming
After last scattering, photons free stream to the observer on null geodesics, projecting power in the
monopole and dipole at last scattering onto anisotropies today. It would thus seem unnecessary to solve
numerically the whole hierarchy in ` until the present. This picture is complicated by the fact that photons
still suer non-trivial eects of time dependent gravitational redshift [41], often referred to as the integrated
Sachs-Wolfe (ISW) eect. In Fig. 17a, we show the simplest approximation possible. Here we neglect
the ISW contributions and furthermore consider all contributions from the rms uctuation to project as
a monopole (pure inhomogeneity) at last scattering. This results in two types of severe errors. The ISW
eect contributes strongly to anisotropies near the rst peak thus boosting the net power in anisotropies.
Furthermore, the presence of a dipole due to the bulk motion of the photon-baryon uid at last scattering
alters the projection due to the angular dependence on the sky. Unless this is tracked properly, the phase
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relation of the peaks is altered [4]. Notice that this approximation, which neglects the relative phases of the
monopole and dipole, can also erroneously lead to a small decrement at ` ' 20  40.
Therefore, a better approximation is to keep angular information in the ` modes (see [8], eq. 4.5). If
the ISW term were kept, this in principle leads to an exact solution of the Boltzmann equation (see e.g. [4]
where the monopole, dipole and ISW term are kept). One can avoid the diculty in keeping the ISW term
in an 

0
= 1 universe by noting that it vanishes after full matter domination. Thus for suciently late
times, the free streaming approximation neglecting ISW should again be exact. The penalty in this case is
that more `-modes have been generated and all of their relative phases must be kept in the free streaming
approximation. In Fig. 17b, we show the eect of switching to this approximation at dierent redshifts.
Notice that for z = 800 the retention of the phase relations eliminates the decrement of Fig. 17a before the
rst peak, but is in serious error due to the lack of the ISW term. It is not until z

<
100 that the universe is
suciently matter dominated for this approximation to hold at the few percent level. It should be mentioned
that this epoch depends on 

0
h
2
. We can ignore the ISW eect much earlier if we choose models with higher
h.
Earlier work (e.g. [18,10,13,31] concentrated on calculations of C(), which tended to involve approxi-
mations which are only valid at small angles. Obviously such approximate methods fail to calculate C()
accurately when there is a reasonable amount of large scale power, which essentially means all models now
discussed [8]. The small-angle formulae have been extended to include the Sachs-Wolfe eect [8]. However,
this still is only an approximation, neglecting angular information and ISW contributions and will be in
error by the same amounts as shown in Fig. 17a.
D. Smoothing and k Range
The free streaming of photons after last scattering causes rapid oscillations in ` of the anisotropy for any
given k-mode. Physically this arises since the projection of plane waves onto the sphere at last scattering
causes an aliasing of power to larger angles. Of course, any realistic model involves a spectrum of uncorrelated
k-modes leading to a smoothly varying total anisotropy. In practice however, a nite number of k-modes
are evolved, which causes noise in the theoretical predictions, i.e. spurious oscillations in `. Despite this it is
not necessary to compute as many k modes as ` modes (which would lead to smooth power spectra) in order
to obtain accurate results for the C
`
's. This is because the error in the spectrum which comes from nite
sampling in k-space simply induces a `shot noise' on top of the underlying smooth spectrum which can be
accurately removed by low pass ltering the resulting C
`
's. We show an example of this ltering process in
Fig. 18. The top left panel shows the angular power spectrum obtained from evolving 500 k-modes, with no
smoothing. At the right is the FFT of this spectrum (squared). Note the peaks in power at  = 600, 1200, ...
which are the `noise' we wish to remove. The noise is separated in frequency by a range near  = 100 where
little power exists. This separation corresponds to the gap between the ` to ` variation of the noise and
the size of the smallest physical feature in the power spectrum. The bottom right panel shows the low-pass
ltered FFT. Bottom left is the angular power spectrum obtained by FFTing the bottom right panel. Note
that the noise has been eciently removed. Comparison with models in which more k-modes are run to
remove the noise shows that it is possible to recover the underlying spectrum to much better than 0.5%.
This plot is shown for pedagogical purposes only, and is not the best smoothing. In practice we sample the
spectrum with dierent weightings in ` in order to recover the dierent parts of the spectrum.
There are probably optimal ways of choosing the spacing of the k-modes in order to recover the most
accurate anisotropy spectrum with the minimum redundancy. We have not investigated this fully, although
somewhere between log k and k spacing seems clearly to be best. Similarly there are better or worse ways
of choosing the spacings to use in the FFT (going from log ` to `
1=2
or ` works well), and perhaps more
sophisticated methods of smoothing which adequately preserve the structure in the C
`
's for the smallest
number of k calculations. However, these are not a serious consideration for the current level of achievable
accuracy.
Thus as long as sucient k modes (usually ' 500) are kept to insure that the noise varies on scales
smaller than real minimum-width features of the power spectrum, this results in accurate reconstruction of
the underlying power spectrum, as can be checked by increasing the number of k-modes evolved.
Of course, these k-modes are chosen to span a range corresponding to the desired angular limit of the
calculation. The projection of spatial scales on the last scattering surface (or more generally at the epoch
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of anisotropy generation) onto angles on the sky today, leads to a relation between the maximum k-mode of
the calculation and the maximum `-mode at which accurate values for the anisotropy are required. We nd
it is necessary to keep k up to 2`=
0
to get sucient accuracy, where 
0
is the present conformal time which
is 6000h
 1
Mpc for 

0
= 1. The error made by truncating the calculation at high k is shown in Fig. 19. Here
we have calculated the power spectrum using more and more k modes, comparing the result to a calculation
which has a maximum k of 0:8hMpc
 1
.
In summary, for full accuracy in the damping region, a large range of k-modes is required. However,
these modes are numerically very expensive to compute and such investment in computing time may not be
worthwhile, since extra physical eects make the high-` anisotropies uncertain regardless.
E. Tilt
Since all k-modes in linear theory evolve independently, the evolved k-space power spectrum can be
factored into the initial power spectrum times a transfer function that accounts for the evolution. The full
transfer function for the photons must of course be two dimensional to account for the angular power in `
(see e.g. [5]). However, since most of the eect is a projection of a particular linear scale onto an angular
scale, the transfer function is nearly a one to one mapping between `'s and k's for uctuations originating
at a single epoch, e.g. the last scattering surface. It is thus possible to estimate the eect of varying n in an


0
= 1 universe by applying a transfer function in ` alone. In Fig. 20, we approximate tilt by multiplying
the C
`
(n = 1) by the Sachs-Wolfe   function formula, which approximately takes into account the width in
the ` to k mapping [134]. This approximation works at the

<
5% level for n

>
0:9. Multiplying the C
`
by
`
n 1
is only slightly worse. For cases where the ISW term contributes signicantly and anisotropy generation
is spread out signicantly in time, these approximations break down entirely. An alternative approach has
been discussed in [6] which works better for  models.
Note also that the eective slope n is not necessarily constant over the relevant range of `: the (log(k=k
0
))
3
correction which occurs in some inationary models deviates from an n = 0:945 (best t) spectrum at the
2% level over 3 orders of magnitude in k (or `). So even this `minimal' departure from n = 1 may give an
observable eect. There is also the possibility of detecting some more non-trivial deviation from power-law
initial conditions by measuring accurate C
`
's.
VI. CONCLUSIONS
In this paper, we have only considered one class of models, namely the standard Cold Dark Matter model.
Nevertheless, we expect that the sizes of the eects will be fairly general so that the spirit of our conclusions
will apply to other models. However, we have completely neglected possibilities such as the inclusion of a
cosmological constant, open models, isocurvature uctuations or cosmological defects. It is entirely possible
that in such models some of the eects we have talked about could be either more or less important. However,
one can carry out such tests for any other specic class of theory, and we hope that our results will be a
guide to the kinds of eects which need to be considered if theorists are to perform calculations to the level
of accuracy that the new generation of experiments are demanding.
The potential power of future experiments is truly awe-inspiring. It will be possible in principle to measure
all C
`
's up to `  500 to the cosmic variance limit (i.e. accuracy  1=
p
`). In practice it may be possible to
achieve close to this ideal, depending how restrictive foreground contamination proves to be. The amount
of information coded in the C
`
's is enormous. In order to obtain constraints on the standard cosmological
parameters 

0
;

B
; h;; n; T=S etc., it will be necessary to consider in detail all of the eects discussed here.
Moreover, there will be the possibility of extracting information about more subtle physical eects, e.g. the
number of relativistic species, or the curvature of the primordial power spectrum. At the highest `'s (where
extracting foregrounds may be the most dicult), there will be multiple, complicated eects. It will be
a great challenge to disentangle the various physical processes out towards the damping region, to get at
the reionization history, the non-linear evolution etc. We hope that our work here has been a step towards
obtaining anisotropy power spectra that are accurate enough to enable us to be up to the task when the
next generation of data are available.
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FIGURE CAPTIONS
FIG. 1 The angular power spectrum of CMB temperature anisotropies, i.e. `(`+ 1)C
`
=6C
2
versus `, for our
ducial model (multipole `  
 1
). This includes all the eects that are discussed in this paper, and hence we
expect this plot to be accurate to

<
1% until the damping region at `

>
1500. Also shown is the polarization
power spectrum, normalized to the temperature quadrupole.
FIG. 2 The relative error in C
`
for dierent choices of the present day photon temperature, T
0
. Plotted is
the ratio of C
`
for T
0
= 3K (dotted), 2:7K (solid), and 2:73K (dashed), relative to T
0
= 2:726K.
FIG. 3 (a) The angular power spectrum of CMB anisotropies with varying number of neutrino species:
N

= 2; 3; 4. (b) The ratio of C
`
for N

= 2; 4 relative to N

= 3.
FIG. 4 The eect on the C
`
's of a small increase in 

B
h
2
with h xed at 0.5.
FIG. 5 The eect on the C
`
's of a small increase in h with 

B
h
2
xed at 0.0125.
FIG. 6 The ratio of C
`
for models with primordial helium Y
P
= 0:20 and Y
P
= 0:26, relative to our ducial
model with Y
P
= 0:23.
FIG. 7 The eect of dierent approximations for the physics of recombination. The solid line shows the ratio
of C
`
using accurate values for the recombination coecients (T ), relative to a model using values which
scale as T
 1=2
. The dashed curve shows the extra eect on the C
`
's of adding the helium recombination.
FIG. 8 The recombination of the plasma for a model with the parameters of standard CDM (i.e. 
 = 1,


B
= 0:05, h = 0:5) and with Y
P
= 0:23. The quantity plotted on the y-axis is n
e
=n
H
, which is unity when
the hydrogen is totally ionized, and is higher by an amount 2n
He
=n
H
when the helium is doubly ionized too.
FIG. 9 The eect on the C
`
's of adopting the assumption of simple Saha recombination (dashed), compared
with a more accurate recombination calculation.
FIG. 10 Hydrogen recombination. (a) Ionization history, x
e
(z), using the naive coecients   T
1=2
(dotted)
and more accurate tting functions (all of which are indistinguishable from the dashed line). Also shown
is the result of following the kinetic temperature of the matter explicitly (solid). The lowest dashed line
has z
eq
! 1, i.e. ignoring the eect of the radiation on the background evolution. (b) Visibility functions
(g(z) = e
 
d=dz) for the same recombination approximations.
FIG. 11 The angular power spectrum calculated including the neutrino anisotropy explicitly (solid) and
treating the neutrinos as a perfect uid only, i.e. truncating the hierarchy after ` = 1 (dashed).
FIG. 12 The spectrum of anisotropies for the background neutrinos themselves in a standard CDM model.
The amplitude at small ` is the same as for the photons. Scales which enter the horizon during the radiation-
dominated epoch have an additional integrated Sachs-Wolfe contribution.
FIG. 13 Polarization. The ratio of C
`
for a standard CDM model where polarization is explicitly followed,
relative to a calculation where it is neglected. Notice that the polarization anisotropy has a non-negligible
feed-back eect for the temperature anisotropies.
FIG. 14 Gravity wave spectrum. `(` + 1)C
`
versus ` for a at spectrum of tensor-generated anisotropies
with the parameters of the standard CDM model. In general this spectrum is added incoherently to the
18
scalar one (Fig. 1), with the relative amplitude determined by the specic inationary model. Since the
tensor spectrum drops rapidly for `

>
100 most of the eects described in this paper are not important for
obtaining suciently accurate calculations.
FIG. 15 Minimal reionization. The ratio of C
`
for a model with reionization at z = 4 (as required by results
of the Gunn-Peterson test) compared with our ducial model. We assume full ionization of the Hydrogen
and (conservatively) that the Helium remains totally neutral.
FIG. 16 The complexity of realistic reionization scenarios. Ratios of C
`
for two dierent reionization histories
compared to our ducial model. The scenarios assume standard recombination until a redshift z
ri
= 30(48)
below which the electron fraction is set to a constant x
e
= 1(0:5). These models both have the same optical
depth,  = 0:15, back to redshift z  100. Also shown is a crude approximation where the C
`
are reduced
by exp( 2
`
) where 
`
=  (z( = =`)). Here  (z) is the optical depth from redshift 0 to z, we use the angle
subtended by the horizon to map angles to redshifts, and  = =` to map multipoles to angles.
FIG. 17 Free Streaming approximations. (a) Streaming of the rms uctuations from epochs z = 50, 100,
200, 300, 500 and 800, neglecting the ISW contributions. The solid line is the result of integrating to the
present. This shows that it is not possible to stop the calculation at some redshift and take a `snapshot' of the
inhomogeneities on this surface. (b) Streaming of all multipoles from the same epochs, but still neglecting
ISW. Even including all the moments of the photon anisotropies at some early redshift surface is not enough
to accurately reproduce the present day anisotropies.
FIG. 18 Low pass lter smoothing of the C
`
's. Clockwise from top left: (1) noisy spectrum due to `sparse'
sampling in k; (2) Fourier transform power; (3) low pass ltered FFT; (4) smoothed spectrum obtained by
FFT of (3). Note that this gure is illustrative only. More complicated sampling of the x-axis allows better
reconstruction of the high ` peaks, as in Fig. 1.
FIG. 19 k-range. We show the ratio of C
`
dierence to our ducial model (with k
0
= 5000, for a set of
calculations with the highest k kept being 800 to 4500, reading left to right). Plotted (dashed) on top is the
actual C
`
's to show the position of the damping and other features.
FIG. 20 Tilt. The ratio of the C
`
's using the tilt approximation described in the text, to the exact calculation,
for n = 0:85, 0.9, 0.95. This approximation is adequate for comparison with today's experiments, but not
accurate at the 1% level.
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